F i x e d P o i n t L o g i c D e s c r i p t i o n s o f S o m e G r a p h P o l y n o m i a l P r o p e r t i e s

V ic t o r ia S k o b lik o v M a r ia Z a p o lo t z k i

S e p t e m b e r 2 7 , 1 9 9 7

1 I n t r o d u c t i o n

Th is work deals with th e exp re ssibility of som e grap h poly nom ial prop erties in inÆ ation ary øx ed point (IF P ) logic langu age an d it is based on th at part of th e M ain th eorem th at con n ects PT IM E com p lexity class with deøn ab ility in IF P logic an d on th e follow in g ine qu ality:

FO ≤ FO (D T C ) ≤ FO (T C ) ≤ FO (IF P )

In fact som e polyn om ial tim e prop ertie s of graph s can be exp ressed in FO L , or in Determ in istic Tran sitive Closure (D T C ) Logic, or in Tran sitive Closure (T C ) Logic, thu s having LO G S PA C E an d NL O G S PA C E com p lexity accord in g to th e M ain the orem . Bu t we gave IF P de ønition s even for those prob le m s that can be stated in (D )T C logic. In ord er to ex press som e graph prop erties som etim es we need ed ord erin g on th e struc tu re, som e tim es not.

1 .1 S t r u c t u r e o f th e W o r k

In sec tion on e we re call som e logic deøn ition s. DT C , TC an d IF P logics are deøned an d th e M ain Th eorem is stated. In sec tion tw o a num b er of grap h polyn om ial prop ertie s are stated an d IF P logic deønition s of corresp on d ing classes of stru ctu re s are given .

1 .2 T h e M a i n R e s u l t o f th e W o r k

It is sh ow n how not on ly som e grap h deøn ition s can be stated in IF P logic but also how som e polyn om ial algorith m s can be ad apted to be exp ressed in IF P logic. In th is way the algorith m for ch ord ality ch ecking was exp ressed, thus the class of chord al grap h s is deøn ed in IF P logic.

2 F i x p o i n t L o g i c s a n d C o m p u t a t i o n a l C o m p l e x - i t y

Here is the Main th eorem th at con ne cts com p u tation al com p le xity classes with diœ erent logic s.

Let K be a class of ord ered τ -stru ctu re s, K ⊆ O(τ ). We write K ∈ IF P if K is axiom atizable in FO (IF P ), an d use sim ilar notations for the oth er

logic s.

K ∈ LO G S PA C E iœ K ∈ DT C K ∈ NL O G SPA C E iœ K ∈ TC K ∈ PT IM E iœ K ∈ IF P K ∈ NP T IM E iœ K ∈

∑_1 1 K ∈ PS PA C E iœ K ∈ PF P

2 .1 T C L o g i c s

Here we present th e de øn ition of Dete rm in istic Transitive Closu re Logic (D T C ) and Transitive Closure Logic (T C ).

Let R be a binary relation on a set M , R ⊆ M^2. Th e tran sitiv e closu re

TC (R) of R is deøn ed by

TC (R) := {(a, b) ∈ M 2| th ere ex ist n > 0 an d e0, . . . , en ∈ M su ch that a = e0, b = en, and for all i < n, (e_i, e_{i+1}) ∈ R}. An d th e dete rm in istic transitive closu re is deøne d by

DT C (R) := {(a, b) ∈ M 2| th ere exist n > 0 an d e0, . . . , en ∈ M su ch th at a = e0, b = en, an d for all i < n, ei+1 is th e uniq ue e for wh ich (ei, e) ∈ R}.

Tran sitiv e Closu re Logic FO (T C ) an d De term in istic Tran sitiv e Closu re Logic FO (D T C ) are ob taine d by closin g FO un d er the tran sitive closu re an d th e determ in istic tran sitive closu re of deønab le re lation s, resp ectively. M ore precisely : For a vo c ab u lary τ th e class of form ulas of FO (T C ) of vo cab u lary τ is given by the calculu s

•_φ wh ere φ is an atom ic ørst-ord er form ula over τ •^φ_{¬φ} ;^{φ, ψ}_{φ ∨ ψ} ;^φ_{∃xφ} •^φ_[TC_{x,y φ]st} where th e variab les in x y are pairw ise distin ct an d

where th e tu ples x, y, s an d t are all of th e sam e len gth ,

s and t bein g tu p les of te rm s.

For FO (D T C ) th e last ru le is rep laced by φ[DTC_{x,y} φ]st with th e sam e side con dition s. We deøn e

free ([TC x,y φ]st) := free (s) ∪ free (t) ∪ (free (φ)/{x, y}), and sim ilarly for FO (D T C ).

Th e meanin g of [TC x,y φ(x, y, u)]st is (s, t) ∈ TC ({(x, y) | φ(x, y, u)}), and the mean in g of [DT C x,y φ(x, y, u)]st is de øned an alogically. (h ere {(x, y) | φ(x, y, u)} is con sid ere d as a binary relation on th e set of len gth(x)-tu ples of th e un iverse).

2 .2 IF P L o g i c

Let us ørst deøne th e øxed-poin t F∞. Fix a ønite set M . A fun ction

F : Pow (M) → Pow (M) gives rise to a se qu enc e of sets ∅, F (∅), F (F (∅)), . . . Den ote its memb ers by F0, F1, . . . , i.e. F0 = ∅ an d Fn+1 = F (Fn). Fn is called th e n-th stage of F . Su pp ose th at there is an n0 ∈ N su ch th at

F_{n0+1} = F_{n0} , th at is, F (F_{n0}) = F_{n0} . Th en F_m = F_{n0} for all m ≥ n_0. We

denote Fn_0 by F∞ an d say that th e øxed -poin t F∞ of F exists. In case th e øxed -p oint F∞ do es not exist, we agree to set F∞ := ∅.

Now we intro d u ce inÆ ation ary øx ed-point logic FO (IF P ). It contain s ørstord er logic and is closed und er øxed -p oints of deøn able inÆ ation ary op eration s.

Th e sy ntax of FO (IF P ): For a vo cab u lary τ th e class of form ulas of FO (IF P ) of vo cab ulary τ is given by the calculu s

•_φ wh ere φ is an atom ic sec on d -ord er form ula over τ •^φ_{¬φ} ;^{φ, ψ}_{φ ∨ ψ} ;^φ_{∃xφ} •^φ_[IFP_{x,X φ]t} wh ere th e len gth s of x and t are th e sam e an d coin cid e

with the arity of X.

Sentenc es are formu las with out free ørst-order and secon d -orde r variables, wh ere th e free occ urren ce of variables is de øn ed in th e stan dard way, ad d in g th e clau se

free ([IF P x,X φ]t) := free (t) ∪ (free (φ)/{x, X}).

Th e sem antic s is deøn ed ind uctively w.r.t. the calcu lus ab ove, the mean - ing of [IF P x,X φ]t bein g t ∈ F (Xx ∨φ) ∞ . M ore prec isely: If X is k-ary an d th e variables free in [IF P x,X φ]t are am on g u an d Y , and b and S are inte rp retation s in A of u and Y , resp ectively, th en A |= [IF P_{x,X} φ] t [b, S] iœ (t_1[b], . . . , t_k[b]) ∈ F^{(Xx ∨φ)}_∞ We som etim es den ote th e relation F (Xx ∨φ) ∞ by [IF P x,X φ] t.

3 S o m e P o l y n o m i a l T i m e G r a p h P r o p e r t i e s a n d C o r r e s p o n d i n g F P D e ø n i t i o n s

We con sider on ly øn ite graph s with out self-lo op s an d parallel edges.

3 .1 T r e e Definition 1 (T ree)

Let G(V, E) be an und irec ted grap h. G is called circu it-free if there are no

sim p le circu its in G. G is called a tree if it is con n ected an d circ uit-free.

First, let us øx an un ord ered τ -stru cture for th e grap h G(V, E): τgraph =

{E}. We use straightforw ardly th e ab ove deøn ition to describ e logically a

tree. Th at is, φtree = φcon ∧ φcf, wh ere φcon desc rib es con nec ted grap h s

and φcf describ es circu it-free graph s. Both φcon an d φcf use φpath(x, y), the

formula that ac cum ulate s in th e set X all pairs of vertices (x, y) con n ected by a path in a grap h. φpath(x, y) = [IF P_{xy,X} (Exy ∨ ∃z(Xxz ∧ Ezy))]xy (1) Now , th e senten ce φcon = ∀xy(¬x = y ⇒ φpath(x, y)) (2) says th at all pairs of vertices x an d y, su ch th at x ≠ y, are con n ecte d by a path , thus exp re ssing grap h conn ectiv ity.

An d th e senten ce φcf = ∀x¬φpath(x, x) (3) states th at for all vertices x the re is no path that starts an d en d s in th e sam e vertex, that is th ere are no circu its in th e grap h .

Note, that we don’t nee d th e exp licit formu la for a sim ple circu it. This is du e to th e fact th at a sim p le circu it is alw ays sh orte r th an a not sim p le circ uit of wh ich it form s a part. And if a pair of vertice s is conn ected by tw o path s th e form ula φpath(x, x) øn d s th e sh ortest on e. That means that if th e set contains a pair (x, x) th is mean s the re is a sim ple circu it th at starts and en ds in x.

In fact the class of trees is ax iom atizab le in Tran sitive Closure Logic , sin ce th e formula φpath(x, y) is ex pressib le in it.

φpath(x, y) = [TC_{x,y}Exy]xy (4)

3 .2 E u le r G r a p h Definition 2 (E uler Graph) An Eu le r path of an und irec ted grap h G(V, E) is a path e_1, e_2, . . . , el su ch th at every edge ap p ears on it exactly on ce; thus, l = |E|. An un d irected grap h which has an Eu ler path is called an Euler graph .

It is not straightforw ard to exp re ss th is deønition in IF P form ula. So, we used th e follow in g th eorem th at describ es an Eu ler graph in a diœ e rent way.

Theorem 1 An und ire cted con ne cted grap h is an Eu ler graph if an d only if exactly tw o vertices are of od d degree or all vertices are of even degree. In th e latter case , every Eu ler path of th e graph is a circ uit, and in form er case, non e is.

From th e ab ove th eorem it follow s that we have to exp re ss:

(i) Grap h con nec tivity (w h at we alread y did ).

(ii) Evenn ess/o dd n ess of a vertex degree.

Let us ørst describ e a more gen eral th in g, the evenn ess of a set. For th is we will nee d an orde rin g on a se t.

Let τ = {<, S, min, max}, where S stan d s for a succe ssor relation. A τ -struc tu re A is called an ord ering if for all a, b, c ∈ A:

(i) not a <A a

(ii) a <A b or b <A a (iii) if a <A b and b <A c th en a <A c

(iv ) SAab iœ (a <A b an d for all c, if a <A c th en b <A c or b = c)

(v) min^A <^A a or min^A = a

(vi) a <A maxA or a = maxA

Th e follow in g formula acc um ulates pairw ise in th e set X su cce ssive eleme nts of a set starting from min , th e min im al elem ent. Thus, if th e set is even th en max, the max im al elem ent, will be present in th e set and if th e set is od d th en max will not be present in th e set.

φpairs(x, y) = [IF P_{xy,X} (x = min ∧ Sxy ∨ ∃z_1z_2(Xz_1z_2 ∧ Sz_2x ∧ Sxy))] (5) Thus, th e form ula φodd = ∀x¬φpairs(x, max) exp resses odd n ess of the set and the form ula φeven = ¬φodd ¯ even n ess of th e set.

Now , we can use th e ob tain ed formu lae for set even n ess/o d d ness in ord er to describ e vertice s degree even n ess/o d d ness. First, let us øx an ord ered

τ -struc tu re for the grap h G(V, E): τgraph = {E, <, S, min, max}. Th e ide a

is to look at th e set of vertices that are adjac ent to a given verte x as a set with its ow n min, max and P S, pseu do-su cce ssor relation, deøned re latively to the vertex v as follow s. (i) φ_{min}(x, v) = Evx ∧ ∀a(Eva ∧ ¬x = a ⇒ x < a) (ii) φmax(x, v) = Evx ∧ ∀a(Eva ∧ ¬x = a ⇒ x > a) (iii) φP S(x, y, v) = Evx ∧ Evy ∧ x < y ∧ ∀a(Eva ∧ x < a ∧ ¬y = a ⇒ y < a) Now , th e form ula th at accu mu lates in th e se t X pairs of pseu do-su cce ssive vertices adjacent to v starting from min , looks as follow s:

φvpairs(x, y, v) =[IF P_{xyv,X} (φ_{min}(x, v) ∧ φ_{P S} (x, y, v) ∨ ∃z_1z_2(Xz_1z_2v ∧ φ_{P S}(z_2, x, v) ∧ φ_{P S}(x, y, v)))]xyv (6)

An d th e form ula th at determ ines od d ne ss of the degree of th e vertex v is:

φvodd(v) = ∃v_{max}(Evv_{max} ∧ ∀a(Eva ⇒ ¬φvpairs(a, v_{max}, v))) (7) Th e formu la φveven(v) = ¬φvodd(v) exp resses even n ess of th e vertex v. Now we are re ady to write in a straightforw ard way the form ula that describ es the class of Eu ler grap hs acc ord ing to the Th eorem 1. φcon describ es grap h con nectivity, see formu la (2).

φeuler =φcon ∧ ( ∃v_1v_2(¬v_1 = v_2 ∧ φvodd(v_1) ∧ φvodd(v_2) ∧ ∀x(¬x = v_1 ∧ ¬x = v_2 ⇒ ¬φvodd(x))) ∨ ∀x(¬φvodd(x)) ) (8)

Note, th at evenn ess of a ord ere d set an d con seq uently the class of Eu ler grap h s is ex pressib le in TC logic .

Th e follow in g formu la bu ilds the transitive closu re of th e relation Rxy, ıth ere exists exactly on e elem ent betw ee n x an d yȷ. Th e transitive closure of this re lation means ıøn d all pairs of elem ents su ch th at th ere ex ist on ly od d numb er of interm e diate elem e ntsȷ. Now , lets øx x, x = min an d we will obtain ıall pairs of elem e nts su ch that th e ørst ele m ent is min im al an d the second on e is sep arated from it by od d nu mb er of elem entsȷ, th at is if we con sid er min = 1 th en the sec on d elem e nt can have on ly od d num b er. Thus, if th e set is even th en max, th e max im al elem e nt of th e set, sh ould be even numb er an d will not be lon g to th e tran sitive closu re.

φodd-els(min, y) = [TC_{x,y}(∃zSxz ∧ Szy)] miny (9)

φeven = ¬φodd-els(min, max)

(10)

3 .3 G r a p h 2 - C o l o r a b i li t y Definition 3 (K -C olorability)

Let G(V, E) be a graph , an d positive integer K ≤ |V |. G is K-colorab le iœ

th ere ex ist a fun ction f : V → {1, 2, . . . , K} such that f(u) ≠ f(v) wh ene ver {u, v} ∈ E.

Th e gen eral prob lem of grap h K-colorab ility is NP -com p le te bu t for K = 2 it is solvab le in poly nom ial tim e. Th e poly nom iality of th e case is base d on th e follow in g the orem :

Theorem 2 A grap h is not 2-colorab le iœ th ere exist a cycle of od d length in a graph .

Th e form ula th at describ es th e class of 2-colorable graph s is also base d on th e ab ove theorem . Here is an IF P form ula that says: ıth ere ex ist a path of odd len gth in a grap h .ȷ φoddpath(x, y) = [IF P_{xy,X} (Exy ∨ ∃vw(Xxv ∧ Evw ∧ Ewy))] (11)

Thus, a fact th at a grap h is 2-colorab le can be describ ed as:

φ2-col = ¬(∃xφoddpath(x, x))

(12)

Also 2-colorability problem can be exp resse d in TC logic.

3 .4 V e r t e x C o v e r Definition 4 (V ertex Cover)

Let G(V, E) be a graph , an d positive integer K ≤ |V |. Th ere is a verte x

cover of size K or less for G, i.e., a sub set V^′ ⊆ V with |V^′| ≤ K such th at for each edge {u, v} ∈ E at least on e of u and v belongs to V^′.

Definition 5 (Independent Set) In dep e nd ent set S is a set of vertice s su ch that th ere is no ed ge between any pair of vertice s from S.

In gene ral, th e prob lem of Vertex Cover is NP -com p lete bu t wh en V ′ is re qu ired to be both a verte x cover an d an inde p end ent set for G it is easily solved in polyn om ial tim e.

We are goin g to describ e th e corresp on din g class of grap h s. The follow in g lem m a states the relation between a verte x cover and an ind ep en d ent set.

Lem ma 1

Let G(V, E) be a graph , V^′ is a vertex cover for G iœ V −V^′ is an ind ep en dent

set for G.

It is easy to see th at if V ′ is both a vertex cover and an ind ep en dent set

for G th en V − V^′ is also both a vertex cover an d an ind ep en d ent set for G,

th at is G is bip artite with on e sid e of size K.

Thus, th e class of grap hs we want to describ e is equ ivalent to th e class of bip artite graph s with on e side of size K.

A FO L formula that desc rib es th is class of grap hs for any given K is:

∃v_1v_2 . . . v_k[ ⋀ 1≤i<j≤k ¬v_i = v_j ∧ ⋀ 1≤i<j≤k ¬Ev_iv_j ∧ ∀xy((¬x = y ∧ ⋀ 1≤i≤k ¬v_i = x ∧ ⋀ 1≤i≤k ¬v_i = y) ⇒ ¬Exy)] (13)

Th e ørst lin e of th e ab ove formu la describ e s on e sid e of a bip artite graph of size K sayin g that th ere ex ist K diœ erent vertice s su ch th at th ere is no ed ge betw een any pair of th em . Th e secon d lin e says th at for any pair of vertices th at do es not be lon g to th e alread y describ ed sid e of a bipartite th ere is no ed ge that con ne cts the pair, thu s th e secon d line desc rib es the second sid e of a bip artite (of siz e V − K). Th e th ird lin e dem an ds existen ce at least one ed ge in a grap h in ord er to be a bip artite.

3 .5 C h o r d a l G r a p h Definition 6 A grap h is called ch ord al if every sim p le circu it v_1 − v_2 − v_3 − ... − vl − v_1, with l > 3 has a chord; th at is th ere exists an edge, not of the circ uit, wh ich con nec ts tw o of th e circu it’s vertices.

It is not straightforw ard to exp ress the sim p le circuit notion in IF P logic. Th at is why we looked for som e altern ative chordal graph deøn ition. Bu t inste ad of it we foun d out th at th e follow in g algorithm th at checks grap h chordality (see [Gav72]) can easily be adap ted in ord er to be exp ressible in IF P logic form ula.

Algorithm 1 (for chordality checking)

Step 1. Search for a vertex v su ch th at all th e vertices ad jacent to it are con n ected to each oth er (or form a cliqu e).

Step 2. Elim in ate v and all the edges incid ent to it. Step 3. Rep eat Steps 1˘2 until no su ch a verte x can be foun d .

Step 4. If only on e vertex of th e grap h rem ain s un elim in ated th en th e graph is chordal, otherw ise not.

We ad op t this algorith m to an IF P formula as follow s:

Algorithm 2 (for chordality checking) Step 1. S ← ∅.

Step 2. Search for a grou p of vertices C such th at C ∩ S = ∅ and for each vertex v, v ∈ C it is tru e th at all th e vertices u, u /∈ S ad jacent to it are con ne cted to each othe r (or form a cliqu e).

Step 3. S ← S ∪ C.

Step 4. Rep eat Steps 2˘3 until no group of su ch vertic es can be fou n d. Step 5. If S contain s all vertic es of th e graph the n th e grap h is chordal, oth erw ise not.

Before we pre sent the IF P formu la that directly exp re sses Algorithm 2 we have to prove the equ ivalen ce of Algorithm 1 an d Algorithm 2. The gen eral idea of the pro of is

(i) to sh ow th at every verte x v that Algorithm 1 elim in ates will be add ed to S by Algorithm 2.

(ii) th e op p osite, every vertex v th at the Algorithm 2 add s to S will be elim in ated by Algorithm 1.

First, note th at Step 4 of Algorithm 1 can be reform ulated as: ıIf all vertice s of the graph are elim inated th en the grap h is chordal, oth erw ise notȷ, since the con dition in Step 1 of Algorithm 1 is satisøe d by an isolate d vertex in em p ty way.

Secon d, whe n Algorithm 2 ad d s a vertex v to S on som e iteration, v with all ed ges incide nt to it is not ac cessib le to all th e follow ing iterations, th at is v is elim inated from the grap h with all edges incide nt to it.

Sup p ose Algorithm 1 has elim in ated vertices in th e follow in g ord er:

v_1, v_2, . . . , v_{k−1}, v_k an d Algorithm 2 elim in ated group s of vertices in the

follow in g ord er C1, C2, . . . , Cl.

Th e direction (i): Let us show th at any vi elim in ated by Algorithm 1 will be ad ded to S by Algorithm 2.

v_1 ∈ C_1, sin ce C_1 contains vertic es th at can be ad de d to S, wh en S = ∅,

th at is on th e ørst stage of Algorithm 1 (w he n no vertices have be en elim - inated yet). v2 ∈ C1 ∪ C2 sin ce eith er it can be elim in ated by Algorithm 1 on the ørst stage (thus, any stage later), in th is case v2 ∈ C1, or on th e second stage, on ly after elim inatin g th e ørst vertex , in th is case v2 ∈ C2. In gen eral, vi ∈ ⋃ 1≤j≤i Cj since in th e worst case vi can on ly be elim inate d by

Algorithm 1 after v_1 ∈ C_1, v_2 ∈ C_2, . . . , vi_{−1} ∈ Ci_{−1} have bee n elim in ated , in th is case vi ∈ Ci.

Th e dire ction (ii): In th e analogous way it can be sh ow n th at any vertex

v ∈ C_i ad d ed to S on th e i^{th} iteration of the Algorithm 2 can be elim in ated

on th e ith stage of Algorithm 1 as vi (or later) by Algorithm 1.

Now we pre sent an IF P form ula that cap tu res Algorithm 2.

φch(x) =[IF P_{x,X}

(∀v_1v_2((¬v_1 = v_2 ∧ ¬Xv_1 ∧ ¬Xv_2 ∧ Exv_1 ∧ Exv_2) ⇒ Ev_1v_2) ∨ ∃v(¬Xv ∧ Exv ∧ ∀z(¬z = v ∧ ¬Xz ⇒ ¬Exz)) ∨ ¬∃v(¬Xv ∧ Exv))]x

(14)

First lin e of the ab ove formula describ es vertex x such that all the vertices adjacent to it form a cliqu e. Th e secon d lin e treats sp ecial case wh en x is con nec ted to th e on ly vertex which also form s a cliq ue in em p ty way.

Th e øn al senten ce th at te sts chord ality is: φchor = ∀xφch(x) Th e tim e com plex ity of th e algorithm for checkin g ch ord ality th at ou r formula dire ctly cap tures is:

n(n + 1) 2 × d(d − 1) 2 (15)

wh ere n is the num b er of vertice s in a grap h an d d is th e maximu m degree of a verte x.

3 .6 C h o r d a l G r a p h K-C o lo r a b il it y

We alread y deøn ed Graph K-C olorab ility earlier th is section . Th ere we treated one instanc e of this NP -com p lete prob lem that belon gs to PT IM E com p lexity class, nam e ly the case K = 2. He re we prese nt on e more PT IM E instan ce based on th e follow in g Lem m a:

Lem ma 2 For chordal grap hs th e max imum cliqu e size is equ al to th e min im um coloration size.

We alread y have IF P de ønition for the class of chordal grap hs an d it is left to state ım aximu m cliqu e size is Kȷ. Bu t to describ e th e class of grap hs with maxim al cliq ues of size K, it is en ou gh to say ıth ere exist a cliqu e of siz e K an d there is no cliqu e of siz e K + 1ȷ. And th ese two statem ents are easily exp re ssed in FO L .

φcl-K = ∃v_1, v_2, . . . , v_k( ⋀ 1≤i<j≤k ¬v_i = v_j ∧ ⋀ 1≤i<j≤k Ev_iv_j) (16)

φno-cl-K+1 =¬∃v_1, v_2, . . . , v_k, v_{k+1}( ⋀ 1≤i<j≤k+1 ¬v_i = v_j ∧ ⋀ 1≤i<j≤k+1 Ev_iv_j) (17)

An d th e øn al senten ce that exp resses th e class of ch ord al grap hs th at can be colored usin g min imum K colors is:

φchor-K-col = φchor ∧ φcl-K ∧ φno-cl-K+1

(18)

A G r a p h T h e o r y N o t i o n s U s e d in t h e T e x t

Here we brin g togeth er all graph notion s used in th is work .

vertex degree: vertex degree d of the vertex v for an un d irected grap h G, is th e num b er of ed ges incid ent to v

con nec tivity: graph G is con n ecte d iœ any pair of its vertices is con ne cted by a path

circ uit-free graph :grap h G is circ uit-free iœ th ere is no path th at starts an d en d s in the sam e vertex of the grap h

tree: graph G is calle d a tree if it is conn ected and circuit-free

K-colorab ility: Le t G(V, E) be a grap h , and positive integer K ≤ |V |. G is

K-colorab le iœ th ere exist a fun ction f : V → {1, 2, . . . , K} su ch that f(u) ≠ f(v) wh en ever {u, v} ∈ E.

vertex cover: Le t G(V, E) be a grap h , and positive integer K ≤ |V |. Th ere is a verte x cover of size K or less for G, i.e., a sub set

V^′ ⊆ V with |V^′| ≤ K su ch th at for each edge {u, v} ∈ E

at least on e of u an d v belon gs to V ′.

ind ep en d en t set: inde p end ent set S is a set of vertices such that th ere is no ed ge be tw een any pair of vertices from S

bip artite grap h : bipartite graph is a grap h su ch th at th e se t of its vertices

V can be partition ed into tw o disjoint sets V_1 an d V_2 su ch

that any edge e ∈ E conn ects v′ ∈ V1 and v′′ ∈ V2

B S o m e C o m p l e x i t y N o t i o n s

LO G S PA C E : a class K of ordered τ -stru ctu res is in LO G SPA C E (d eterm in istic logarithm ic sp ace) iœ the re is a determ in istic machin e M an d d ≥ 1 such that M acc epts K an d is

d∗log space -b ou n ded (log n stan d s for th e least natu ral

numb er ≥ log2 n)

NL O G S PA C E : a class K of ordered τ -structures is in NL O G S PA C E (n on determ im istic logarithm ic sp ace) iœ th ere is a nondeterm in istic machin e M an d d ≥ 1 su ch that M accep ts K and is d ∗ log sp ace-b ou nd ed (log n stan ds for th e least natu ral nu mb er ≥ log2 n)

PT IM E : a class K of ord ere d τ -stru ctures is in PT IM E (p olyn omial tim e) iœ th ere is a dete rm in istic mach ine M and a polynom ial p ∈ N[x] such th at M acc epts K an d is

p tim e-b ou nd ed .

NP T IM E : a class K of orde red τ -stru ctu res is in NP T IM E (non - determ in istic polyn om ial tim e) iœ it is acce pted by a non d eterm in istic machin e M that is p tim e-b ou n d ed for som e polyn om ial p ∈ N[x].

PSPA C E : a class K of ord ered τ -stru ctu res is in PSPA C E (p olynom ial space) iœ it is acc epted by a dete rm in istic machin e M that is p sp ace-b oun d ed for som e poly nom ial p ∈ N[x]. B i b l i o g r a p h y

[E F 95] Hein z-D ieter Eb bin ghau s an d Jrg Flu m . Fin ite M od el Th eory. Sp rin ge r, 1995.

[E ve79] Sh im on Even. Graph Algorith m s. Com pu te r Scien ce Press, 1979.

[G av72] F. Gavril. Algorith m s for min imu m coloring, max im um cliqu e, min imum coverin g by cliq ues, an d maxim um ind ep en de nt set of a chord al grap h . SIA M Jou rn al of Com p utin g, 1:180˘187, 1972.

[G J79] M ichael R. Garey and David S. John son. Com pu te rs an d Intractab ility - A Gu ide to th e Th eory of NP -C om p leten ess. W .H .Freem an an d Co., 1979.

[Pap 94] Ch ristos H. Papad im itriou. Com p u tation al Com p lexity . Add ison - Wesley, 1994.